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Abstract
A recent series of works by M. Dubois-Violette, I. Todorov and S. Drenska characterised the SM
gauge group as the subgroup of SO(9) that, in the octonionic model of the later, preserves the split
O = C⊕C3 of the space of octonions into a copy of the complex plane plus the rest. This description,
however, proceeded via the exceptional Jordan algebra J83 and its group of automorphisms F4, and
remained rather indirect. The goal of this paper is to provide as explicit description as possible
and also clarify the underlying geometry.
It is well-known that the groups SO(3), SO(5) and SO(9) have a complex, quaternionic and
octonionic models respectively. The first of these is the familiar realisation of the (double cover
of) the rotation group in three dimensions in terms of 2 × 2 special unitary matrices. Replacing
complex numbers with quaternions and octonions one gets SO(5) and SO(9) respectively. Choosing
a unit imaginary quaternion or octonion then equips H or O with an almost complex structure, and
thus introduces the splits H = C⊕C or O = C⊕C3, where the first copy of C is the one containing
the imaginary unit that generates the almost complex structure. The subgroup of transformations
in SO(5) that preserves H = C⊕C is SU(2)×U(1)/Z2. The subgroup of transformations in SO(9)
that preserves the split O = C⊕C3 is the Standard Model gauge group SU(3)× SU(2)×U(1)/Z6.
We explain all these statements, as well as work out their analogs for the split quaternions and
octonions.
1 Introduction
The work [2], continuing [1], observed that the Standard Model gauge group
GSM = SU(3)× SU(2)×U(1)/Z6 (1)
can be characterised as the intersection of two maximal subgroups SO(9) and SU(3) × SU(3)/Z3 of
the exceptional Lie group F4.
Moreover, the group F4 is intimately related to the octonions (as all exceptional Lie groups are,
see e.g. [3]). In particular, the Lie algebra of F4 can be realised as the Lie algebra of SO(9) plus its
spinor representation
f4 = so(9) + S. (2)
Moreover, the 16-dimensional spinor representation S of SO(9) can be naturally viewed as two copies
of the octonions
S = O⊕O, (3)
so that SO(9) elements become matrices with values in End(O⊕O)
SO(9) ⊂ End(O ⊕O). (4)
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We will explain this octonionic realisation of SO(9) in more details below.
The final observation is that the group SU(3)× SU(3)/Z3 can be characterised as the subgroup of
F4 that preserves a choice of a copy of the complex plane C in the octonions
O = C+ C3. (5)
These observations taken together imply that the SM gauge group can be characterised as the
subgroup of SO(9) that preserves the split (5) when the SO(9) is realised as acting on two copies of
octonions (4), see Section 4 of [5].
The purpose of this article is to describe the geometry behind this SO(9) characterisation of the SM
gauge group. Also, the statement in [5] remained somewhat of a mystery, and in particular no direct
verification was provided. Our goal is to provide this verification. The description we provide gives
the SO(9) characterisation of GSM by a simple argument, to be explained later in this Introduction.
Our motivations for carrying out this exercise are different to those in the series of works [1], [2],
[4], [5], [6]. In these works the group F4 appears as the group of automorphisms of the exceptional
Jordan algebra J83 , and it is argued that this algebra can provide a natural mathematical description
of 3 generations of the SM fermions. However, it is also observed that the SM gauge group can be
characterised already at the level of one generation, by considering the Jordan algebra J8
2
of 2 × 2
hermitian matrices with octonionic entries, which is related to groups Spin(9, 1) and Spin(9). Our
purpose here is to explain this single generation characterisation of the SM gauge group in as simple
and as explicit terms as possible, by concentrating on the group Spin(9) and avoiding Jordan algebras.
So, the exceptional Jordan algebra J83 and its automorphism group F4, as well as J
8
2 , will not play
any role here, except for some remarks in the concluding section.
Thus, our considerations will only concern Spin(9) and its spinor representation, and we will
explicitly verify that the SM gauge group arises as the subgroup that preserves the decomposition
(5) in the space of SO(9) spinors. We believe this makes the new SO(9) characterisation [5] of the
SM gauge group more transparent, while still keeping the link to octonions. While our description is
to some extent a re-phrasal of what is contained in [2], [4], we believe there is value in rewriting an
important statement in as many different ways as possible, and so we hope that the present paper is
a useful contribution in this sense.
We will start by working out the analogous exercise with octonions replaced by much easier quater-
nions. In this case it is well known that the group SO(5) is isomorphic to the group of unitary 2× 2
matrices with quaternionic entries. This acts on 2-component columns with quaternonic entries, and
so we have
SO(5) ⊂ End(H ⊕H). (6)
It is then known, but instructive to verify explicitly that the subgroup of SO(5) that preserves a split
H = C+C (7)
is the group SU(2)×U(1)/Z2. This fact is mentioned e.g. in [1], section 4.4. Our characterisation of
the SM gauge group is the precise analog of this statement, with quaternions H replaced with octonions
O, and the split (7) replaced with (65). However, there is one important caveat here. The group SO(9)
is not a matrix group with octonionic entries because octonions are non-associative. It nevertheless
has an octonionic realisation, just more care is needed to deal with non-associate octonions.
Let us describe the main ingredients of the octonionic story already here in the Introduction.
Because of octonions non-associativity the group SO(9) does not have a description of a matrix group
with octonionic entries. The best one can do in this case is to give an octonionic model for the Clifford
algebra Cl9. This is described as the algebra of matrices in End(O ⊕O) of the type
X(r,x) =
(
r x
x −r
)
, r ∈ R,x ∈ O. (8)
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An easy calculation then shows that X(r,x)2 = (r2 + |x|2)I, and so these matrices generate Cl9. The
group Spin(9) acts on matrices of this type by an even number of reflections along unit vectors in
R
9. Each reflection is described by conjugating X(r,x) by a matrix of the same type corresponding
to a unit vector r2+ |x|2 = 1. This gives a complete characterisation of Spin(9), albeit somewhat less
explicit than is possible in the cases of SO(5) or SO(3).
Choosing a unit imaginary octonion
i ∈ ImO, |i|2 = 1 (9)
equips O with an almost complex structure J = Li, where Li is the left multiplication by i. It thus
allows to describe O as C4. Moreover, it introduces a preferred copy of the complex plane in O, namely
spanned by the real (identity) octonion and i. Thus, a unit imaginary quaternion equips O with the
split
O = C⊕ C3. (10)
The transformations from Spin(9) that preserve the above split are of two types. First, there are
transformations generated by matrices of the type (8) with x commuting with i. It is clear that this
condition forces x to lie in the copy of the complex plane generated by 1, i. The matrices of the type
(8) with x ∈ C generate SU(2) ∼ SO(3). This SO(3) sits diagonally in SO(9), as the group of rotations
of 3 of the 9 directions. However, there are more transformations in Spin(9) that preserve the split.
The subgroup of SO(9) that commutes with the described SO(3) is SO(6) ∼ SU(4). This SU(4) acts
by preserving the almost complex structure on O, but in general mixes the 4 different copies of C. The
subgroup that preserves the split O = C⊕C3 is then S(U(1)×U(3)). Together SU(2)×S(U(1)×U(3))
give the gauge group of the Standard Model.
We now proceed to describe all elements of this construction in more details. We describe the
quaternionic story in Section 2. Here a completely explicit matrix description is possible, and already
illustrates how the SU(2) appears. The story of real interest over the octonions is explained in Section
3. In Section 4 we work out the analogous constructions over the split quaternions and octonions, to
illustrate how much of the result depends on working with positive definite signature. We conclude
with a discussion.
2 SO(5) and quaternions
2.1 SO(3) and complex numbers
We start by explaining the baby case of our construction. The special orthogonal group in three
dimensions is famously isomorphic to SU(2)/Z2, the group of special unitary 2× 2 matrices, modulo
a discrete subgroup consisting of one non-trivial element. The construction that extends to octonions
is the following easily recognisable characterisation of the Clifford algebra Cl3. Thus, the three-
dimensional Clifford algebra is generated by the 2× 2 matrices
X(r,x) =
(
r x
x −r
)
, r ∈ R,x ∈ C. (11)
The notations are chosen so as to make the changes necessary when passing to quaternions and
octonions minimal. One of course recognises in this object the linear combination of the Pauli matrices
X(r,x) = x1σ
1 + x2σ
2 + x3σ
3, (12)
where r = x3 and x = x1−ix2. The Pauli matrices σi, i = 1, 2, 3 are the γ-matrices in three dimensions
σiσj + σjσi = 2δijI, (13)
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and so generate the Clifford algebra Cl3. The Clifford algebra relations can also be written in terms
of X(r,x), and read
X(r,x)X(r,x) = (r2 + |x|2)I. (14)
The group of 2× 2 complex matrices acts on matrices X(r,x) via
GL(2,C) ∋ g : X(r,x)→ gX(r,x)g† , (15)
and the subgroup that preserves the space of matrices of the form (11) (which are Hermitian tracefree)
is the subgroup SU(2) of special unitary matrices. This gives a homomorphism from SU(2) to SO(3),
and this has kernel Z2 with non-trivial element −I ∈ SU(2), which provides the isomorphism SO(3) =
SU(2)/Z2.
The description of SO(3) in terms of 2 × 2 matrices with complex entries has an extension to
quaternions, but not to non-associative octonions. The description that can be generalised to octonions
is as follows. The matrices of the type (11) with r2+ |x|2 = 1 generate the group Spin(3) in the sense
that every element of the rotation group can be represented as an even number of reflections along
unit vectors in R3. The reflection along a unit vector in R3 is obtained by conjugating the matrix
X(r,x) by another matrix of this form, corresponding to a unit vector. Thus, the transformation
X(r,x)→ −X(s,y)X(r,x)X(s,y), s2 + |y|2 = 1 (16)
is the reflection along (s,y) ∈ R3. The later is defined as the transformation that changes the sign of
the component of (r,x) along (s,y), and leaves the orthogonal complement component unchanged.
Matrices of the type (11) corresponding to a unit vector act on 2-component columns with complex
entries. They generate the Pin(3) group. The group Spin(3) is the one generated by an even number
of unit matrices of the type (11), and the 2-component columns with complex entries form its spinor
representation space. A very useful reference on this material on spinors and Clifford algebras (and
much more) is [7].
2.2 Quaternions
Quaternions is a set H of objects that can be represented as
q = x0 + ix1 + jx2 + kx3, x0,1,2,3 ∈ R, (17)
with the units i, j,k satisfying i2 = j2 = k2 = −1, and ij = k = −ji, as well as all the relations that
follow from these. Quaternions are thus non-commutative, but associative. The conjugation is defined
as
q := x0 − ix1 − jx2 − kx3, (18)
the operation that changes the sign of each of the three imaginary unit. We then have
qq = (x0)
2 + (x1)
2 + (x2)
2 + (x3)
2 ≡ |q|2. (19)
The right-hand-side of the product qq is real in the sense that it does not involve any of the imaginary
units. This allows to define the operation of division by a quaternion q−1 = q/|q|2, and so H is a
division algebra. It is also a composition algebra with the norm satisfying |pq|2 = |p|2|q|2.
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2.3 Almost complex structure on H
Quaternions acts on themselves by the operation of, say, left multiplication. It is then easy to see that
choosing an imaginary unit quaternion equips H with an almost complex structure. Indeed, let Lq be
the operation of left multiplication by q ∈ H. Then for a unit imaginary quaternion q = −q and we
have
L2q = −LqLq = −Lqq = −I. (20)
We thus see that different almost complex structures on H are parametrised by points in S2 ⊂ R3 in
the space of imaginary quaternions.
For example, let us take q = i. Such a choice splits H into two copies of complex plane H = C⊕C.
Let us work out the holomorphic coordinates explicitly. These form the subspace of HC on which Li
has eigenvalue +i. Thus, we have
i(x0 + ix1 + jx2 + kx3) = i(x0 + ix1 + jx2 + kx3), (21)
from which we read
x0 = ix1, x2 = ix3. (22)
This means that the complex linear combinations
a = x0 + ix1, b = x2 + ix3 (23)
are the (1, 0) coordinates with respect to the almost complex structure chosen.
2.4 Quaternions as unitary matrices
Given that we can describe H = C2, and we have |Lpq|2 = |pq|2 = |p|2|q|2, the action of Lp for any
quaternion p on a 2-component column in C2 can be described as an endomorphism End(C2) that
preserves the Hermitian inner product on C2 up to multiplication by |p|2. Moreover, the quaternion
multiplication is associative. This means that there is matrix realisation of quaternions. Thus, a
quaternion can be encoded into a 2× 2 unitary matrix
q =
(
a b
−b∗ a∗
)
, (24)
where a, b are as in (23). One can check that the product of such unitary matrices correctly encodes
the quaternionic multiplication, and
q¯ = q†, (25)
where we have the quaternion conjugation on the left and the usual Hermitian conjugation on the
right. The quaternionic norm is then
|q|2 = 1
2
Tr(qq†) = det(q). (26)
Matrices of the type (24) satisfy qq† = |q|2I, which is a generalised unitarity condition. We continue
to refer to them as unitary.
This matrix model for quaternions converts manipulations with quaternions to more familiar matrix
manipulations. This can be useful, as we will see below.
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2.5 The group UH(2) of unitary quaternionic matrices
The matrix representation of quaternions also allows us to represent unitary 2 × 2 matrices with
quaternionic entries as more familiar 4× 4 matrices with complex entries. This way of thinking does
not generalise to the octonions (because of non-associativity of the latter), and is thus not really
necessary for the discussion that follows. But it is still instructive to phrase the discussion below in
completely elementary terms of matrices, and this is why we present this viewpoint.
Let A,B,C,D ∈ H be quaternions, which we view as 2× 2 matrices. Let
S =
(
p
q
)
∈ H2 (27)
be a 2-component column with quaternionic entries p, q ∈ H. We can view this as a 2× 4 matrix with
two columns and 4 rows. The 2× 2 matrix with quaternionic entries
g =
(
A B
C D
)
(28)
acts on 2-component rows by multiplication from the left, S → Sg = gS. The group UH(2) arises as
the subgroup of the quaternionic matrix group that preserves the norm
|S|2 = |p|2 + |q|2, (29)
i.e. as the subgroup
UH(2) = {g ∈ GL(2,H) : |Sg|2 = |S|2}. (30)
Using
|Sg|2 = 1
2
Tr(p†A† + q†B†)(Ap +Bq) +
1
2
Tr(p†C† + q†D†)(Cp+Dq), (31)
and working out the consequences of the condition that the norm squared is preserved we get
|A|2 + |C|2 = 1, |B|2 + |D|2 = 1, B†A = −D†C. (32)
The first two of these are real-valued, while the last equation is quaternion-valued. These equations
taken together imply
|A|2 = |D|2, |B|2 = |C|2, |A|2 + |B|2 = 1, C = −|B|
2
|D|2DB
−1A. (33)
This already allows a count of the dimension of the group that arises. The objects A,B are both unitary
2 × 2 matrices, and each carries 4 parameters. They are subject to one condition |A|2 + |B|2 = 1,
which gives the number of free parameters in them as 7. The matrix D is then free apart from the
fact that its norm squared should be equal to the norm squared of A. This adds 3 more parameters.
With matrices A,B,D fixed the matrix C is uniquely determined from the last equation. Thus, the
dimension is 10, which is the dimension of SO(5).
2.6 UH(2) as a subgroup of SL(2,H)
When we view the matrix entries of UH(2) as 2 × 2 unitary matrices a group element of UH(2) is a
complex 4×4 matrix. Let us see that this matrix is in fact, of unit determinant. It is thus a subgroup
of SL(2,H), the group of unit determinant 2 × 2 quaternionic matrices, which is also the conformal
group of the Euclidean 4-dimensional space. The later is isomorphic (modulo Z2) to SO(1, 5), and it
is thus not surprising that SO(5) must sit inside.
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The determinant of a 2×2 quaternionic matrix (28) is defined by viewing it as a 2×2 matrix with
2× 2 block entries. With this interpretation we have
det(g) = det(A)det(D − CA−1B). (34)
For g with A,B,C,D satisfying (33) we have
det(g) =
|A|2
|D|2 (|D|
2 + |B|2)2 = 1, (35)
and so the matrix is unimodular. So, UH(2) ⊂ SL(2,H).
2.7 SO(5) as UH(2)
We can also describe an explicit homomorphism from UH(2) to the special orthogonal group in five
dimensions. This uses the quaternionic model for the Clifford algebra in R5. This model is the direct
generalisation of the one described above for the case of Cl3. Thus, let us view a vector in R
5 as a
pair (r,x) ∈ R×H. We associate with this vector the following End(H⊕H) matrix
X(r,x) =
(
rI x
x† −rI
)
, x =
(
x0 + ix1 x2 + ix3
−x2 + ix3 x0 − ix1
)
, (x0, x1, x2, x3) ∈ R4. (36)
It is easy to see that
X(r,x)X(r,x) = (r2 + |x|2)I, (37)
which means that the matrices X(r,x) generate the Clifford algebra Cl5. Note that (36) is the direction
generalisation of (11) with C being replaced by H.
Moreover, using the interpretation (34) of the determinant of X(r,x) as that of a 4× 4 matrix we
have
det(X(r,x)) = (r2 + |x|2)2. (38)
This means that we can obtain O(5) as the group of the transformations acting on matrices of the
form X(r,x) and preserving the determinant. The group SL(2,H) naturally acts on X(r,x) via
X(r,x) → gX(r,x)g† , (39)
where g ∈ SL(2,H) is of the form (28) with A,B,C,D being quaternions. This action preserves
the determinant, and preserves the property that the diagonal elements are multiples of the identity
matrices. However, it does not in general preserve the property that the ”trace” is zero. The subgroup
of SL(2,H) that preserves the zero trace condition is precisely UH(2), as is not hard to check. The
homomorphism described has a non-trivial kernel, whose non-trivial element is minus the identity.
Thus, we have
SO(5) = UH(2)/Z2. (40)
The story we just described is of course the direct analog of the story over C, where 2×2 matrices of
the type (36) with x replaced by a complex number generate the Clifford algebra Cl3. The determinant
is (minus) the R3 norm, and the group of transformations that preserves the norm is SL(2,C). The
group that preserves the tracefree conditions is SU(2). So, the quaternionic case works in precise
analogy with the complex case.
The complex version of the story has the well-known extension when the trace-free condition on
the matrix X is dropped. In this case one generates the Clifford algebra Cl1,3, and SL(2,C) is the
double cover of the Lorentz group. Similarly, we can drop the trace-free condition on matrices (36)
and allow two arbitrary real numbers on the diagonal. This generates the Clifford algebra Cl1,5, the
determinant is then related to the norm in R1,5, and the group of transformations that preserves the
determinant is SL(2,H), which is the double cover of the Lorentz group SO(1, 5), which is also the
conformal group in 4D.
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2.8 Spinor representation of SO(5)
The described representation UH(2) ∼ SO(5) in terms of 4 × 4 matrices is essentially the spinor
representation of SO(5) = UH(2). Indeed, if we view each quaternion in S given by (27) as a 2 × 2
unitary matrix
p =
(
z u
−u∗ z∗
)
, q =
(
w v
−v∗ w∗
)
, z, u, w, v ∈ C, (41)
we can write S as
S =


z u
−u∗ z∗
w v
−v∗ w∗

 . (42)
The matrix g given by (28) viewed as a 4× 4 matrix then acts on the 2× 4 matrix S by multiplication
from the left, and preserving this form of S. This action restricted to the first column is the spinor
representation of SO(5) acting on its C4-valued spinors.
2.9 The subgroup of SO(5) preserving H = C+ C
We now want to determine the subgroup of SO(5) that preserves a splitting of the space of quaternions
into two copies of the complex plane. A more invariant way to ask this question is to phrase it in
terms of an almost complex structure chosen to provide the split H = C⊕ C. The subgroup of 2× 2
quaternionic matrices that acts (from the left) on 2-component quaternionic columns and commutes
with the almost complex structure on H given by Li is the group of matrices with quaternionic entries
that commute with i. The quaternions that commute with i are those whose j,k components are
zero. In terms of their 2 × 2 matrix representation these are the diagonal matrices. All in all, the
subgroup of UH(2) that commutes with an almost complex structure chosen is the subgroup with
entries A,B,C,D being diagonal matrices satisfying (33).
It is not hard to see that we can always parametrise such matrices as follows
A =
(
eiφa 0
0 e−iφa∗
)
, B =
(
eiφb 0
0 e−iφb∗
)
, D =
(
eiφa∗ 0
0 e−iφa
)
, C = −
(
eiφb∗ 0
0 e−iφb
)
(43)
with φ ∈ [0, 2π], a, b ∈ C, and |a|2 + |b|2 = 1. Then all the conditions (33) are satisfied and the
corresponding matrices are in UH(2). The corresponding action on z, w, u, v is as follows(
z
w
)
→ eiφ
(
a b
−b∗ a∗
)(
z
w
)
,
(
u
v
)
→ eiφ
(
a b
−b∗ a∗
)(
u
v
)
. (44)
Thus, we see that the group that preserves the split (7) is
G = SU(2) ×U(1)/Z2. (45)
Indeed, it is clear that the element
(−1,−I) ∈ U(1) × SU(2) (46)
corresponds to the identity element in UH(2) and thus the stabiliser subgroup is the factor group
by Z2. We thus find that the spinor representation of SO(5) splits as two copies of the fundamental
representation of SU(2) ×U(1)/Z2, the subgroup that preserves the splitting of quaternions into two
copies of the complex plane.
It can be checked by an explicit computation that the described U(1)× SU(2) subgroup of UH(2),
via the homomorphism to SO(5) gets mapped into the ”diagonal” subgroup SO(2)× SO(3). The first
of these is the rotation in the x2, x3 plane, see (36) for notations. The group SO(3) then describes
rotations in the r, x0, x3 space.
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2.10 SO(5) Lie algebra
The above matrix description does not extend to the case of octonions. But its Lie algebra version
does extend, and so we describe it now to help understand the octonionic case.
The Clifford algebra Cl5 is generated by the matrices of the type (11). Explicitly, if we describe
H = R4, we get the following 8× 8 real matrices
γi =
(
0 ei
−ei 0
)
, γ4 =
(
0 I
I 0
)
, γ5 =
(
I 0
0 I
)
, (47)
where the matrices ei are 4× 4 and are worked out as follows
i(x0 + ix1 + jx2 + kx3) = ix0 − x1 + kx2 − jx3 ⇒ e1


x0
x1
x2
x3

 =


−x1
x0
−x3
x2

 , (48)
and so
e1 = −E12 − E34, (49)
where Eij is a 4× 4 anti-symmetric matrix with +1 on the ith row and jth column. Matrices Eij are
the generators of so(4). Similarly, we have
e2 = −E13 +E24, e3 = −E14 − E23. (50)
The Lie algebra of SO(5) is then generated by the commutators of the above γ-matrices. These satisfy
the correct quaternionic relations
(ei)2 = −I, e1e2 = e3 = −e2e1. (51)
2.11 Lie algebra description of the subgroup preserving the split H = C⊕ C
A choice of an almost complex structure converts H into a complex space and introduces the split
H = C ⊕ C. These split is preserved by transformations of two types. In one type, the two copies
of H are not mixed, and moreover the action on each copy of H does not mix the two copies of the
complex plane. It is clear that the transformations that do not mix the two copies of H are in SO(4).
The general Lie algebra element of SO(4) is of the form( −wijeiej + wi4ei 0
0 −wijeiej − wi4ei
)
. (52)
It is clear that only the rotations in the 23 plane, as well as rotations in the 14 plane give a multiple
of e1 on the diagonal that preserves the H = C⊕ C split.
On top of this, there are transformations that mix the two copies of H, but preserve the split. It is
clear that these are generated by all γ-matrices that involve either the identity matrix or e1, but not
e2, e3. Thus, it is clear that the subgroup SO(3) generated by γ1, γ4, γ5 preserves the split H = C⊕C
because all these matrices commute with
J =
(
e1 0
0 e1
)
(53)
that defines the almost complex structure on H2. From the previously seen transformations that do
not mix the two copies of H the rotations in the 14 plane are part of this SO(3) subgroup. Thus,
we see that the full subgroup that preserves the split is generated by the rotations in the 23 plane
together with the rotations in the 145 space. This is the same SO(2)×SO(3) that we have seen before
as a subgroup of UH(2). This description extends to the case of SO(9), as we will see below.
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2.12 Another U(1)× SU(2)/Z2 in SO(5)
There is a differently embedded U(1)×SU(2)/Z2 subgroup of SO(5) that should not be confused with
the one we just described. This one arises as a subgroup of SO(4) that fixes the 5th-direction. As the
subgroup of UH(2), this SO(4) consists of matrices of the type
g =
(
A 0
0 D
)
, A,D ∈ SU(2). (54)
It preserves the r coordinate, while its action on the quaternion x is the familiar action of two copies
of SU(2) on a 2× 2 unitary matrix
x→ AxD†. (55)
If we now introduce an almost complex structure on R4 in which x0 + ix1, x2 + ix3 are the (anti-
)holomorphic coordinates and ask for transformations that mix these anti-holomorphic coordinates
with themselves, it is clear that these are given by D arbitrary special unitary, while A must be
diagonal
A =
(
eiφ 0
0 e−iφ
)
. (56)
This gives a copy of U(1) × SU(2)/Z2 in SO(4) = SU(2) × SU(2)/Z2. It is clearly embedded very
differently into SO(5), and also the spinor representation S decomposes differently under this version
of U(1) × SU(2)/Z2 as compared to what was described in the previous subsection. This version of
U(1)× SU(2)/Z2 can be said arising from requiring the preservation of the H = C+C split but in the
vector representation instead, viewed as R5 = R⊕H.
3 Octonionic version and the SM gauge group
We now describe an analogous construction with H replaced with O everywhere. The main change
that we need to accommodate is that octonions are no longer associative, and so there is no longer a
matrix model. Nevertheless, the Clifford algebra Cl9 is still generated by matrices of the type (11).
3.1 Octonions
Octonions are objects that can be represented as linear combinations of the unit octonions 1, e1, . . . , e7
x = x0 + x1e
1 + . . . + x7e
7, x0, x1, . . . , x7 ∈ R. (57)
The conjugation is again the operation that flips the signs of all the imaginary coefficients
x = x0 − x1e1 − . . .− x7e7, (58)
and we have
xx = (x0)
2 + (x1)
2 + . . .+ (x7)
2 ≡ |x|2. (59)
Octonions O form a normed division algebra that satisfies the composition property |xy|2 = |x|2|y|2.
The cross-products of the imaginary octonions e1, . . . , e7 can be conveniently encoded into a 3-form
in R7 that arises as
C(x, y, z) = 〈xy, z〉, x, y, z ∈ ImO, (60)
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where the inner product 〈·, ·〉 in O comes by polarising the squared norm
〈x, y〉 = Re(xy), x, y ∈ O. (61)
One possible form of C is
C = e567 + e5 ∧ (e41 − e23) + e6 ∧ (e42 − e31) + e7 ∧ (e43 − e12), (62)
where the notation is eijk = ei ∧ ej ∧ ek. Octonions are non-commutative and non-associative, but
alternative. The last property is equivalent to saying that any two imaginary octonions (as well as
the identity) generate a subalgebra that is associative, and is a copy of the quaternion algebra H.
3.2 Octonionic model of SO(9)
The group of rotations in nine dimensions can be given an octonionic description. This arises from
the already familiar description of the Clifford algebra as that of matrices of the form (11) with entry
x in either C,H or O. When x ∈ O we get the generators of the Clifford algebra Cl9. These act on
2-component columns with octonionic entries. The matrices (11) corresponding to unit vectors in R9
generate the group Pin(9). The group generated by an even number of the unit matrices (11) is the
spin group Spin(9), and octonionic 2-columns form its spinor representation. There is no longer a
model in terms of 2× 2 matrices with octonionic entries because O is non-associative.
3.3 Almost complex structure
As in the case of quaternions, a choice of a unit imaginary octonion gives an almost complex structure
on O
L2x = −I, x ∈ ImO, |x|2 = 1, (63)
where Lx is the left multiplication by x. Thus, the choice of an almost complex structure J = Lx on
O is the choice of a point on x ∈ S6 ⊂ R7 = ImO.
For example, let us choose the almost complex structure to correspond to e7. A simple computation
then shows that the (1, 0) coordinates on O are given by
x0 − ix7, x1 − ix2, x3 − ix4, x5 + ix6. (64)
A choice of an almost complex structure on O thus allows to identify O = C4. Moreover, given that
an almost complex structure corresponds to a choice of an imaginary unit octonion, it also selects in
O a preferred copy of C. For the almost complex structure on O generated by e7 this is the complex
plane spanned by 1, e7. Thus, an almost complex structure on O identifies O = C4 as well as provides
the split
O = C⊕ C3. (65)
3.4 Lie algebra of SO(9)
The determination of the subgroup of SO(9) preserving the split O = C⊕C3 can be made very concrete
by having an explicit description of its Lie algebra. This is generated by the γ-matrices of the form
γi =
(
0 ei
−ei 0
)
, γ8 =
(
0 I
I 0
)
, γ9 =
(
I 0
0 I
)
, (66)
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where the 8× 8 matrices ei, i = 1, . . . , 7 are those describing the left multiplication by unit imaginary
octonions. We did not attempt to match those matrices to our octonionic product rule encoded in the
3-form (62), and simply take them from the literature, see [9], page 23
e1 = E18 + E27 − E36 − E45
e2 = −E17 + E28 + E35 − E46
e3 = −E16 + E25 − E38 + E47
e4 = −E15 − E26 − E37 − E48
e5 = −E13 − E24 + E57 + E68
e6 = E14 − E23 − E58 + E67
e7 = E12 − E34 − E56 + E78.
The Lie algebra of SO(9) is generated by the commutators of the γ-matrices. It is important to
remark that, unlike in the quaternionic case, due to non-associativity of the octonionic multiplication,
the commutator of two eiej − ejei is not equal to the matrix representing the octonion eiej . Thus, it
is important not to confuse the 8× 8 matrices ei, whose product is associative, and the octonions that
go under the same names, with non-associative product.
3.5 The subgroup of SO(9) preserving the split O = C⊕ C3
The almost complex structure J = Le7 ≡ L7 on O extends to 2-component columns with entries in
O, where it is represented by the matrix
J =
(
L7 0
0 L7
)
. (67)
In the quaternionic case we have seen that the subgroup of SO(5) that preserves the split H = C⊕C
consists of transformations of two types. First, there were transformations that did not mix the two
copies of H and that preserved the split. In the quaternionic case these transformations formed the
group SO(2). We will see that in the octonionic case the analogous group is much reacher. Second,
there were transformations that were generated by all matrices of the type type (11) that commute
with the quaternion that generated the almost complex structure. These were the matrices with x ∈ C,
which is the first copy of the complex plane in the decomposition H = C ⊕ C, and they generate the
group SO(3) ∼ SU(2).
The story over the octonions is exactly parallel. First, we have some subgroup of SO(8) that does
not mix the two copies of O and preserves the split O = C⊕C3. We will determine this subgroup in a
moment. Second, there is also the subgroup generated by matrices of the type (11) that commute with
L7. These are exactly the matrices of the type (11) with x ∈ C that is the first of the two summands
in (65). These matrices generate the SU(2) subgroup that is the one of rotations in the 789 space.
It remains to determine the subgroup of SO(8) that fixes the split O = C ⊕ C3. As in the
quaternionic case, a part of this subgroup consist of rotations in the 78 plane, but these are already
a part of the SU(2) subgroup giving the 789 rotations. All other transformations fixing O = C ⊕ C3
cannot touch the 7, 8 directions. Thus, we want to find a subgroup of SO(6) that preserves the split
O = C⊕ C3. This is easy.
The group SO(6) commutes with the almost complex structure given by the matrix e7. Thus,
its action on O = R8 can be described as an action on C4. This is of course the standard action of
SU(4) to which SO(6) is isomorphic (mod Z2) on 4-component columns with complex entries. The
subgroup of SU(4) that preserves the split O = C⊕C3 is clearly S(U(1)×U(3)). We thus indeed see
the SM gauge group emerging, with SU(2) being the subgroup of rotations in the 789 subspace, and
S(U(1) × U(3)) being the subgroup of SO(6) ∼ SU(4) that preserves the O = C ⊕ C3 split as it acts
on its spinor representation C4.
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It is clear that this description is completely analogous to what happened in the case of SO(5),
with U(1) of the quaternionic case being replaced by S(U(1) ×U(3)) in the case of octonions.
The group SU(3) can also be seen arising in another way. Once again we know that the only
rotation that involves the 8th direction and that preserves the split O = C ⊕ C3 is the one in the 78
plane, and this is already accounted for in the SO(3) subgroup. It thus remains to consider the SO(7)
transformations. It is then well-known, see e.g. [7], that the group Spin(7) acts transitively on the
unit sphere S7 ⊂ R8 in its spinor representation. The stabiliser is the exceptional group G2
O ⊃ S7 = Spin(7)/G2. (68)
We can take for such a unit spinor to be the one corresponding to the identity 1 ∈ O. Thus, G2 ⊂ SO(7)
fixes this spinor.
Let us now consider another unit spinor, the one corresponding to the octonion e7 that gives the
almost complex structure. We are interested in transformations that preserve both 1, e7, and thus
transformations from SO(7) that preserve a pair of unit spinors. This are the transformations from
G2 that preserve the spinor corresponding to e
7. It is well-known, see [7], that the group G2 acts
transitively on the space of unit imaginary octonions, with the stabiliser of a point being SU(3)
ImO ⊃ S6 = G2/SU(3). (69)
Thus, SU(3) is the subgroup of SO(7) that preserves the unit spinors corresponding to 1, e7, and does
not act on the first copy of the complex plane in O = C⊕ C3.
3.6 The embedding of the SM gauge group
We have seen the structure of the SM gauge group arising at the level of the Lie algebra. Let us
now discuss what the true gauge group is. We need to determine the transformations from U(1) ×
SU(3)× SU(2) that correspond to trivial transformations inside SO(9). We embed U(1)× SU(3) into
SU(4) ∼ SO(6) as
U(1)× SU(3) ∋ (α, g) →
(
α−3 0
0 αg
)
∈ SU(4). (70)
The spinor representation O2 = R16 = C8 of SO(9) splits into two complex representations, plus their
complex conjugates. Under the above embedding of U(1)×SU(3) and SU(2) these transform as follows
L = (1,2)−1, Q = (3,2)1/3. (71)
where the numbers in brackets indicate the dimensions of the SU(3) and SU(2) representations re-
spectively. The subscript is the U(1) charge. In other words, we get two SU(2) doublets only one of
which transforms under SU(3). The explicit transformation law is
U(1)× SU(3)× SU(2) ∋ (α, g, h) : L→ α−3hL, Q→ αghQ. (72)
These are indeed the correct transformation laws of the left-handed fermions in the SM, with this
U(1) being the hypercharge. The right-handed fermions that are SU(2) singlets are not part of O2
on which SO(9) acts. So, the spinor of SO(9) can at best model the left-handed particles. This is of
course as expected because there is simply no room for the right-handed particles. Together with the
left-handed ones they need a copy of C16. What we have here is a copy of O2 = R16 = C8, and not
C
16. But the SM gauge group is adequately described.
One can then easily see that the element
(epii/3, e2pii/3I,−I) ∈ U(1) × SU(3) × SU(2) (73)
generates a normal subgroup Z6 whose elements do not act on L,Q. Thus, the true gauge group that
results from this construction is indeed
GSM = U(1)× SU(3)× SU(2)/Z6. (74)
13
3.7 Automorphism ω of order three
This subsection arose as a result of communication with the authors of [2], [4]. As is explained in book
[8], see Section 2.12, a choice of an imaginary octonion, apart from providing the split O = C ⊕ C3,
also selects a subgroup Z3 ⊂ AutO = G2. The SM gauge group can then be described as the subgroup
of transformations in Spin(9) that commute with the generator ω of this Z3
GSM = (Spin(9))
ω . (75)
In more details, choosing an imaginary unit octonion (e7 in the description above) allows to write
O = HC so that any octonion can be written as
x = z + Zkek, z, Z
k ∈ C, k = 1, 2, 3, (76)
and the generators ek satisfy the quaternion algebra ekel = −δkl+ ǫklmem and anti-commute with the
imaginary unit e7 ≡ i. We then have the following element
ω = −1
2
+
√
3
2
i ∈ C ⊂ O. (77)
Its action on O is given by
ω(z + Zkek) = z + ωZ
kek, (78)
which is the diagonal action of ω ∈ C on (Z1, Z2, Z3) ∈ C3. One has ω3 = I. One can then verify
that the subgroup (G2)
ω of the group of automorphisms of the octonions that commute with ω is
SU(3), into which Z3 generated by ω is embedded as its centre. One can also check that the subgroup
(Spin(9))ω of transformations in Spin(9) that commute with ω is the Standard Model gauge group.
This gives an alternative way of saying that the SM gauge group is a subgroup of Spin(9) that results
from singling out an imaginary unit octonion.
4 Split signature version
We now repeat the analysis, but replace the quaternions and octonions with split quaternions and
octonions everywhere. The main surprise of this story is that over the split quaternions the subgroup
of SO(3, 2) that preserves the split H′ = C⊕ C is still SU(2) ×U(1)/Z2. In particular, it is compact.
Over the split octonions, however, the subgroup of SO(5, 4) that preserves the split O′ = C ⊕ C3 is
SU(2) × U(1) × SU(1, 2)/Z6. The last factor is non-compact. This is of course as expected because
SO(3) eats 3 of the directions of the space of signature (5, 4), leaving the space of signature (2, 4)
behind. The corresponding orthogonal group SO(2, 4) ∼ SU(2, 2), into which only S(U(1) × U(1, 2))
can be embedded. So, the split octonions do not produce the SM gauge group. While this may
not sound surprising because one does expect non-compactness from split octonions, it is somewhat
surprising that the split quaternion case does not exhibit this.
4.1 Split quaternions
We represent the new type of quaternion
q = x0 + i˜x1 + j˜x2 + k˜x3, (79)
with the multiplication rules for the new generators being
i˜2 = −1, j˜2 = k˜2 = 1, i˜˜j = k˜, (80)
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and i˜, j˜, k˜ anti-commute. The conjugation still changes the signs of all the imaginary generators
q¯ = x0 − i˜x1 − j˜x2 − k˜x3, (81)
but we now have
qq¯ = (x0)
2 + (x1)
2 − (x2)2 − (x3)2. (82)
The split quaternions still generate a normed composition algebra, but now some elements (null) do
not have an inverse.
4.2 Almost complex structure
Choosing a unit imaginary split quaternion that squares to minus identity we get an almost complex
structure on split quaternions H′. For example, we can choose i˜ for this purpose.
4.3 Split quaternions as split unitary 2× 2 matrices
There are two (equivalent) models for split quaternions that could be used. One model works with
real 2× 2 matrices. However, using the isomorphism SL(2,R) ∼ SU(1, 1) one can also work with split
signature unitary matrices. The latter model is more convenient for our purposes because it allows to
repeat the previous construction with minimal changes.
Thus, it is easy to check that a split quaternion (79) can be represented as a split unitary 2 × 2
matrix
q =
(
a b
b∗ a∗
)
, a, b ∈ C, a = x0 + ix1, b = x2 + ix3. (83)
The product of matrices correctly reproduces the quaternion product. This matrix model is possible
because the almost complex structure L
i˜
allows to describe split quaternions as a complex space
H
′ = C ⊕ C, and quaternion multiplication becomes realised via 2 × 2 matrices that preserve the
pseudo-Hermitian product on C2.
4.4 Group of 2× 2 unitary split quaternionic matrices
Matrices in U(1, 1) are 2× 2 complex matrices of the form (83), and are characterised by the property
g†ηg = |g|2η, η =
(
1 0
0 −1
)
, |g|2 = |a|2 − |b|2. (84)
If we define the indefinite norm in C2
ψ =
(
ψ1
ψ2
)
, |ψ|2split := |ψ1|2 − |ψ2|2 = ψ†ηψ, (85)
then it is easily seen to be preserved by transformations from U(1, 1).
Consider the group of 2 × 2 matrices of the form (28) with split quaternion entries A,B,C,D ∈
U(1, 1). Such matrices act on 2-component columns
S =
(
p
q
)
(86)
again with split quaternion entries. As in the case of the usual quaternions this space is a copy of R8.
The natural split signature norm in this space is
|S|2split = S†NS, N =
(
η 0
0 η
)
. (87)
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The matrices of the form (28) that preserve this norm are those satisfying the following equations
|A|2 + |C|2 = 1, |B|2 + |D|2 = 1, A†ηB + C†ηD = 0. (88)
These are solved by again matrices A,B,C,D satisfying (33). The count of the dimension of the
group arising is unchanged as compared to the usual quaternions case, and we have a 10 parameter
group. Exactly the same argument as for the usual quaternions also shows that the group arising is
unimodular, i.e. a subgroup of SL(4,C).
4.5 Split quaternion model of SO(3, 2)
We can also copy verbatim the construction of the homomorphism to a (psuedo-) orthogonal group.
Consider matrices of the type
X(r,x) =
(
rI x
ηx†η −rI
)
, x =
(
x0 + ix1 x2 + ix3
x2 − ix3 x0 − ix1
)
, (x0, x1, x2, x3) ∈ R4. (89)
We have
X(r,x)X(r,x) = (r2 + |x|2)I, (90)
which again means that these matrices generate a Clifford algebra. This time the norm of x is of
split signature, and so we have the Clifford algebra Cl3,2. The group generated by an even number of
Clifford algebra elements corresponding to unit vectors is then SO(3, 2).
4.6 The subgroup of SO(3, 2) preserving C⊕ C split
In its split quaternionic realisation the group SO(3, 2) acts on split quaternionic 2-component columns.
Writing such columns in terms of the corresponding complex number entries we have
S =


z u
u∗ z∗
w v
v∗ w∗

 . (91)
This parametrisation also provides a split of the space of split quaternions as two copies of the complex
plane. The diagonal matrices A,B,C,D preserve this split. These can again be parametrised as (43),
and again the action on the 2-component columns with complex entries is as in (44). The group that
preserves the split C⊕ C is thus again
SU(2) ×U(1)/Z2.
Again it sits as the diagonal subgroup SO(3)× SO(2) in SO(3, 2).
This group can also be seen more directly. It arises as the group of transformations commuting
with J = diag(L
i˜
, L
i˜
) ∈ End(H′⊕H′). First, there are transformations that are generated by matrices
of the type (89) and commute with J . These are precisely matrices with x ∈ C, which is the copy
of the complex plane generated by 1, i. These matrices generate SU(2). Second, there are also
transformations that do not mix the two copies of H′ and preserve the split. These correspond to
rotations mixing 1, i, and generate U(1). So, the arising group in this case is compact, in spite of the
non-compact nature of H′.
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4.7 The story over O′
The story over the split octonions O′ repeats the O story verbatim. One chooses an imaginary unit
split octonion that squares to minus identity to obtain a complex description O′ = C⊕C3. However,
there is now the split signature Hermitian metric on C4. The matrices of the type (11) with x ∈ O′
generate Spin(5, 4). The subgroup of elements that preserves the O′ = C⊕C3 consists of two types of
transformations. Again, there are transformations generated by matrices of the type (11) with x ∈ C,
which is the copy of the complex plane generated by the unit and the imaginary octonion used to
define the almost complex structure. This group is SU(2). There are also transformations that do
not mix the two copies of O′ and preserve the almost-complex structure. These are in SU(2, 2). The
subgroup that preserves the split is then S(U(1) × U(1, 2)), and in particular is non-compact. This
is in contrast with the split quaternion version of the story where one generated a compact group by
this construction. So, the split octonions are unfit for the purpose of generating the SM gauge group.
5 Dicussion
The most important lesson from the construction described, as well as those in works [1], [2], [4], [5],
[6], is that Standard Model seems to know about the octonions. This is of course a statement with a
history, see [10] as well as works that this paper initiated, but the novelty of the new [5] SO(9) twist of
the story is that there is now a simple and elegant octonionic characterisation of the SM gauge group.
This group is seen to emerge simply and naturally from the octonions, with the only input being that
a unit imaginary octonion is chosen. In the absence of any better understanding of the pattern visible
in the SM, any construction that singles out the SM gauge group should be taken seriously.
There are two natural questions that arise in relation to this octonionic description. The first one
is whether the provided characterisation of the SM gauge group as a subgroup of SO(9) can be used to
write a new field theory model. The main question that construction of such a model would face is how
to describe the right-handed particles that do not transform under the weak SU(2). As we have seen,
the spinor of SO(9), which is a copy of C8, only describes the left-handed particles. It is clear that
some form of complexification must be involved to pass from R16, which is the spinor representation
of SO(9), to C16 that is required to fit in a single generation of fermions of the SM. Some ideas on
how to do this are described in [5], [6], but it seems that more work is needed to produce a convincing
description.
The other natural question is mathematical, and is whether there are Riemannian manifolds whose
holonomy group exhibits reduction along the pattern described in this article. Thus, it is known for
example that there are 16-dimensional manifolds whose holonomy group SO(16) is reduced to SO(9).
These are the versions of the octonionic projective plane F4/SO(9). One can then ask whether there
are examples of manifolds, perhaps also in 16 dimensions, where the holonomy is reduced further and
becomes that valued in the SM gauge group. This is along the lines of the characterisation of the SM
gauge group explained in [11]. This reference pointed out that the SM gauge group, as a subgroup
of SU(5) ⊂ SO(10), is precisely the holonomy group of the product of two Calabi-Yau manifolds of
complex dimensions 2, 3. The fact that the SM gauge group is naturally a subgroup of SO(9) and this
has a natural action in the tangent space of a 16-dimensional manifold (via its spinor representation)
suggests that there may also be a similar geometric description of GSM. It would be interesting to
find it.
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